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Macroscopic Balance Model for Wave Rotors

Gerard E. Welch*
NASA Lewis Research Center, Cleveland, Ohio 44135

A mathematical model for wave rotors is described. The wave processes that affect energy exchange
within the rotor passages are modeled using one-dimensional gasdynamics. Macroscopic balances relate
volume-averaged thermodynamic properties in the rotor passage control volume to the mass, momentum,
and energy � uxes at the ports. Simple loss models are used to estimate entropy production in boundary
layers and in separating � ows caused by blade-blockage, incidence, and the gradual opening and closing
of rotor passages. The mathematical model provides a basis for designing port and rotor geometry, and
for predicting design-point wave rotor performance. Model predictions are evaluated through compari-
sons with computational � uid dynamics calculations and three-port wave rotor experimental data. A four-
port wave rotor design example is provided to demonstrate model applicability. The modeling approach
is amenable to wave rotor optimization studies and rapid assessment of the tradeoffs associated with
integrating wave rotors into gas turbine engine systems.

Nomenclature
A = area
AP = cross-sectional � ow area at end of a rotor passage
AW = surface area (hub, tip, and shroud) of a rotor

passage
a = [(g 2 1)h]1/2, local speed of sound
a t,r = {a2 1 [(g 2 1)/2]w ?w}1/2 = [(g 2 1)h t,r]

1/2, local
relative total speed of sound

CS = empirical constant (0.23), used in Eq. (18)
eu = unit vector in tangential direction
e = speci� c internal energy
et = e 1 u ?u, speci� c total internal energy1–

2

e9t = e 1 [w ?w 2 (r V)2], speci� c relative total energy1–2
fb = (mÇ in 2 mÇ ex)/mÇ in, coolant bleed fraction
f (z ) = momentum function, Eq. (12)
g(z ) = energy function, Eq. (13)
HR = ratio of outlet to inlet port absolute total enthalpies
HR9 = ratio of outlet to inlet port relative total enthalpies
h = e 1 p/r, speci� c enthalpy
h t = h 1 u ? u, speci� c total enthalpy1–

2

h9t = h t 2 uur V, speci� c rothalpy
h t,r = h t 2 (u ?u 2 w ? w ), speci� c relative total enthalpy1–2
L T = rotor chord length
MS = relative shock Mach number, Eq. (20)
Mx = relative Mach number of incoming � ow relative to

shock wave
MV ,in = [^rV&2/(g 2 1)(h t)in]

1/2, rotor Mach number
m = mass
mÇ = mass � ow rate time-averaged over one wave cycle
n = local unit normal of control volume surface
n = number of wave cycles experienced by a passage in

one rotor revolution, i.e., number of duct sets
p = static pressure
pt = total pressure
pt,r = relative total pressure
q = heat � ux vector
q - = volumetric heat generation rate
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RH = rotor hub radius
RT = rotor tip radius
r = (r, u, x), position vector
Tt = absolute total temperature
t = time
ti = ith wave time, Fig. 3
tV = L T/[(g 2 1)(h t,r)V]

1/2, reference time
u = (ur, uu, ux), local � uid velocity
us = local velocity of control volume surface
V = volume
VP = volume of a rotor passage
w = uw u , � uid speed in rotor frame of reference
w = u 2 r Veu = (wr, wu, wx), local relative � uid

velocity
ae = (mh t,r)out /(mh t,r)V, energy discharge fraction, Eq. (11)
am = m out /mV, mass discharge fraction, Eq. (9)
ap = momentum integral, Eq. (10)
aw = momentum integral, Eq. (10)
b = mÇ hi/mÇ in, divider cycle mass � ow rate fraction
bf = tan2 1(^wu&/^wx&), local relative � ow angle
b* = local blade angle de� ned positive from rotor axis in

direction of rotation
g = ratio of speci� c heats
D s/R = normalized entropy production
« = pe/pV, principal expansion fan pressure ratio
z = tb/ta
hout = <n [(ae/am)g/(g2 1)]/<n [(pt,r)out /pV], low-pressure exhaust

port discharge process polytropic ef� ciency
r = � uid mass density
tcycle = (2p)/(nV), wave rotor cycle time
c = ^wx&/^r V&, local � ow coef� cient
V = shaft angular speed

Subscripts
bl = entropy production in boundary layers
C = fresh air portion of state Q
cs = entropy production in coalescing shock wave
D = undischarged gas portion of state Q
e = uniform velocity region of low-pressure exhaust

port, corresponding to times ta # t # tb
hi = divider cycle high-pressure exhaust port
in = wave rotor inlet port, divider cycle medium pressure

port or four-port cycle low-pressure inlet port
lo = divider cycle low-pressure exhaust port
out = wave rotor outlet port
Q = state of gas in rotor passage following the

low-pressure port region of wave cycle
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Fig. 1 Four-port wave rotor schematic diagram.

S = entropy production in shock wave
V = reference conditions, i.e., the conditions in the rotor

passage just prior to low-pressure exhaust port

Special Symbols

* = nondimensional value

¯ = volume-averaged quantity
^ & = mass-averaged quantity

Introduction

T HE wave rotor is a rotating machine that uses gasdynamic
waves to exchange energy between gas streams of differ-

ing energy density. As shown in Fig. 1, a shrouded rotor is
surrounded by a stationary casing. The casing end walls are
penetrated by inlet and outlet ports that carry the gas to and
from the rotor passages. At any time, sectors of the rotor � ow
annuli are exposed to the ported � ows while the remaining
sectors face the casing end walls. The gasdynamic waves that
affect the energy exchange are initiated as the rotor passages
open and close to the ported � ows in a timed sequence, dic-
tated by the azimuthal location and extent of the ports and the
rotor speed. At an inlet port, low-pressure gas in the rotor
passage is exposed to the high-pressure port � ow; a compres-
sion wave (which eventually steepens into a shock wave),
compresses the passage gas and, thus, allows the incoming gas
to enter the rotor. At an exhaust port, high-pressure passage
gas is suddenly exposed to the low-pressure exhaust port � ow;
an expansion wave propagates into the rotor passage, reduces
the passage pressure, and discharges the passage gas into the
exhaust port. Various gas cycles are affected by sequential
charge and discharge processes established by the port timing;
these include three-port divider cycles1,2 and multiport cycles
for gas turbine engine topping applications.3– 6 The interesting
history of wave rotor and its applications is documented in
Refs. 7 – 12.

A current effort is aimed at applying wave rotor technology
to increase the performance of gas turbine engines.13 Much of
this effort is devoted to computational � uid dynamics (CFD)
tool development14– 16 to simulate accurately wave rotor � ow
dynamics. The purpose of this paper is to describe a mathe-
matical model that provides accurate design-point wave rotor
performance while using signi� cantly less computational in-
vestment than nominally required by CFD tools. The model is
suitable for preliminary port timing, duct angle estimates, and
rotor geometry optimization. The modeling approach provides
a tool for rapid assessment of the tradeoffs associated with
integrating wave rotors into gas turbine engines.

The paper is arranged as follows: The mathematical model
is � rst described. Model predictions are then compared with
CFD results and three-port experimental data. Finally, the
model is used to design a four-port wave rotor for a small
turboshaft engine topping cycle as a demonstration of model
applicability.

Mathematical Model
Overview

The wave rotor model has three principal elements: 1) mac-
roscopic balances that enforce global mass and energy con-
servation in a wave rotor passage as it rotates between stra-
tegically de� ned end-states within a prescribed wave cycle; 2)
one-dimensional gasdynamic wave calculations that establish
the port timing and the mass, momentum, and energy � uxes
at the passage ends; and 3) entropy production models for
principal wave rotor loss mechanisms. The gas is assumed to
be at rest in the rotor frame of reference at the de� ned end-
states; the gas in these states can be nonuniform and discon-
tinuous. Gas particles within the rotor are assumed to travel at
a constant radius and the cross-sectional � ow area of the pas-
sages is assumed constant. The working � uid is treated as a
perfect gas with a constant ratio of speci� c heats g.

The macroscopic balances are developed in the next section.
The gasdynamic wave processes and timing, and the entropy
production mechanisms inherent to the wave cycle are then
described. Finally, other important wave rotor entropy produc-
tion mechanisms are discussed.

Macroscopic Balances

The conservation of mass for a generalized control volume
V requires that

d
r dV = 2 r(u 2 u )?n d A (1)sE Ed t V(t) A(t)

The conservation of energy (neglecting work rates resulting
from body and shear forces) requires that

d
re dV = 2 rh (u 2 u ) ?n dAt t sE Ed t V(t) A(t)

2 pu ?n d A 2 q ?n d A 1 q - dV (2)sE E E
A(t) A(t) V(t)

where et [ e 1 u ? u is the speci� c total energy, h t [ et 11–
2

p/r is the speci� c total enthalpy, and * pus? n dA is the bound-
ary work rate. By using the conservation of angular momen-
tum

d
ru rV dV = 2 ru r V(u 2 u )?n d Au u sE Ed t V(t) A(t)

2 prVe ?n d A (3)uE
A(t)

where r is radius, and uu is the local tangential velocity com-
ponent. Equation (2) is rewritten as

d
re9 dV = 2 rh9(u 2 u )?n dAt t sE Ed t V(t) A(t)

2 p(u 2 rVe )? n d A 2 q ?n d A 1 q - dVs uE E E
A(t) A(t) V(t)

(4)

where [ e 1 [w ? w 2 (r V)2], [ 1 p/r, and w [1–e9 h9 e9t 2 t t

u 2 r Veu. The energy is by de� nition unin� uenced by shafte9t
work rate [in Eq. (3)].

Equation (4) elicits an interesting description of the wave
rotor energy exchange process. Consider two adjacent control
volumes within a rotor passage that share a boundary that
moves with some relative velocity component w, normal to the
passage cross-sectional area A, across which pressure p is con-
tinuous (e.g., a contact discontinuity or particle path). The rate
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Fig. 2 Position-time diagrams for a) wave rotor passage exhaust process and b) three-port divider cycle.

at which relative total energy is added to one of the control
volumes by the boundary work rate (* pw d A) is by de� nition
equal to the rate at which energy is extracted from the adjacent
control volume by boundary work (2* pw d A); i.e., the energy
exchange between the two control volumes is manifested
through the boundary work rate term in the macroscopic bal-
ance description and does not explicitly depend on the gas-
dynamic waves instantaneously captured within either of the
control volumes. If now the control volume is de� ned to en-
compass the full rotor passage, the boundary work rate term
of Eq. (4) is zero (because uS = rVêu), and the rate of change
of the relative total energy within the rotor passage depends
only on the net � ux of rothalpy ( ) through the passage ends,h9t
heat transfer, and the volumetric heat generation rate.

Equations (1) and (4) can be integrated between two times
t1 and t2 (or azimuthal position given that du = V dt), to give

t t2 2

m = m 1 ru dt d A 2 ru d t d A2 1 x xSE E D SE E D
A t in A t outP 1 P 1

(5)

where m = is the mass of the gas contained in the passager̄VP

control volume VP. By integrating Eq. (4) between the same
times, the conservation of relative total energy yields

t2
g 2 1

p̄ = p̄ 1 ru h d t d A2 1 x t,rFSE E DVP A t inP 1

t t2 2

2 ru h d t d A 2 q ?n d t d Ax t,rSE E D E E
A t out A tP 1 W 1

t2

1 q - d t dV (6)E E G
V tP 1

provided that the gas at states 1 and 2 is at rest (w ?w = 0)
relative to the rotor. The relative total enthalpy is given by
h t,r = 1 (rV)2, p̄ is volume-averaged static pressure, and1–h9t 2

ux(=wx) is the through-� ow component of velocity. The wave
rotor is time-periodic; hence, if t2 is chosen as t2 = t1 1 ntcycle,
then Eqs. (5) and (6) express mass and relative energy con-
servation for the machine. An analogous application of Eq. (3)
provides an expression for wave rotor shaft power.

It is convenient to nondimensionalize by the reference state
properties rV = mV/VP and aV [ [(g 2 1)hV]

1/2. The nondimen-
sional density and speed of sound in the reference stater* a*V V

are both de� ned as unity, and, by the equation-of-state (gp =
ra2), the nondimensional static (and relative stagnation) pres-
sure is therefore 1/g. Lengths are normalized by L T, andp*V
thus, time is conveniently normalized by the time for a sound
wave to traverse the rotor in the reference state, tV = L T/aV.

Wave Processes and Timing

The port timing, i.e., the leading and trailing azimuthal po-
sitions of the ports, is set by the speci� ed wave position-time
(x – t) diagram and the speed of the gasdynamic waves that
affect the energy transfer in the wave rotor passages. Isentropic
compression and expansion waves are treated by using the
invariance of Riemann variables along their characteristics and
across waves of the opposite gender (cf., Ref. 17). The
Rankine – Hugoniot relations are used to calculate shock
speeds, compression ratios, and inherent entropy production.
All wave speeds are calculated with one-dimensional gasdy-
namics in which pitchwise and spanwise � ow� eld variations
are neglected; further, the predicted wave speeds are not in� u-
enced by local � ow losses (e.g., boundary-layer attenuation of
shock speed) or multidimensional effects (e.g., the gradual,
rather than instantaneous, opening and closing of passages).
Global loss mechanisms do, however, in� uence timing through
their in� uence on the mass-averaged entropy of the control
volume. The modeling presented in this section includes en-
tropy production inherent in shock waves and that introduced
in mixing nonuniform exhaust port � ow� elds. Other wave ro-
tor loss mechanisms are discussed later.

Low-Pressure Exhaust Port

The gas in the (reference) passage about to open to the low-
pressure exhaust port (Fig. 2a) is uniform and at rest in the
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Table 1 Comparison of calculated exhaust-port nondimensional values for an instantaneously
opened rotor passage at g = 1.4 and e = 0.353 (Ref. 17)

ta/tV tb/tV mout/mV (mh t,r)out/(mh t,r)V ( pt,r)out/pV hout

Present model 1.737a 2.588 0.692b 0.574c 0.506d 0.965e

MOC17 .1.77 .2.66 .0.72 —— —— ——
One-dimensional CFD14 1.724 2.600 0.692 0.574 0.505 0.961
Analytical 1.7342 —— —— —— —— ——
a
ta /tV and tb /tV are from three-wave MOC calculation.

b
From Eq. (9).

c
From Eq. (11).

d
Mixed-out total pressure

using Eqs. (7 – 14).
e
Polytropic ef� ciency, hout [ [g/(g 2 1)]<n (ae /am)/<n [( pt,r)out /pV].

rotor frame of reference (w = 0). The exhaust process is char-
acterized by «, or the ratio of the uniform static pressure pe,
at the interface between the rotor and the low-pressure port to
the initial passage pressure pV. The principal expansion fan
initiated at t = 0 re� ects off the wall (x = 0), and the head
(leading characteristic) of the re� ected fan arrives back at the
exhaust port at t = ta. In the uniform region 0 # t # ta, the
passage gas is discharged with uniform axial velocity (here
assuming inviscid � ow) given by

w(0 # t # t ) w 2a e (g2 1)/2g= = [1 2 « ] (7)
a a g 2 1V V

where w = uw u. The re� ected fan reduces the exhaust port
discharge velocity and establishes the nonuniform velocity re-
gion (ta # t # tb) noted in Fig. 2a. The exhaust port is closed
(at time tb), when the velocity in the exhaust port reaches zero,
which corresponds to the time when the midcharacteristic of
the principal expansion fan (shown in Fig. 2a) arrives back at
the exhaust port. Although the time at which the head of the
expansion fan reaches the exhaust port ta can be attained an-
alytically, recourse to the method-of-characteristics17 provides
the port closing time tb. The coarse method-of-characteristics
(MOC) calculation involves the head, tail, and midcharacter-
istic of the expansion fan. The characteristics are treated as
straight lines connecting the nine nodes identi� ed in Fig. 2a.
The slope (propagation velocity) of each line is based on the
average of the wave speeds at the two connected nodes. The
discharge velocity in the nonuniform region between the re-
� ected head and midcharacteristic of the fan (ta # t # tb) is
well approximated by

w(t # t # t ) w t ta b e a b
= 2 1 (8)S Da a (t 2 t ) tV V b a

which was derived by assuming that the re� ected fan in this
region can be represented by a centered fan that reduces the
discharge velocity from we at ta to zero at tb. By knowing the
times ta and tb, and by assuming isentropic expansion (i.e.,
neglecting entropy production internal to the passages for the
moment), the following mass, momentum, and relative total
energy integrals can be obtained:

*tb
m r w t z <n zout e e a

a [ = r*w* d t* = (9)m Em r a t (z 2 1)V V V V0

*tb 2r w t p te e a e a(a , a ) = (r*w*w*, p*) d t* = f (z ), zw p E F G2r a t gp tV V V V V0

(10)

*tb(mh )t,r out 2a = = r*w*(a*) d t*e t,rE(mh )t,r V 0

2 2a g 2 1 we e
= a 1 g(z ) (11)m F G2 2a 2 aV V

where z [ tb/ta, re/rV = « 1/g , = « (g2 1)/g, given that pe/pV
2 2a /ae V

= «. am [ mout/mV and ae [ (mh t,r)out /(mh t,r)V are mass and
energy discharge fractions, respectively, and

z 21f (z ) [ 1 1 (z 2 z 2 2 <n z ) (12)2(z 2 1)

2 1 22 3 1 2 2 1– –1 2 z 1 (z 2 1) [ 1 z 2 3z 1 z 1 3 <n z ]2 2
g(z ) [

<n z
(13)

Mixed-out exhaust port properties are calculated by solving
for the uniform � ow� eld, that in time tb discharges the mass
( ), axial momentum [ )2aw 1 ap], tangentialcos b* a (cos b*out m out

momentum ( ), and energy [cos b * sin b* a cos b* a /(g 2out out w out e

] calculated by using Eqs. (7 – 13), where is the blade1) b*out

angle on the low-pressure exhaust port end of the rotor. This
analytical procedure18 for constant area mixing provides ex-
plicit expressions for the mixed-out � ow variables, including
the mixed-out relative total pressure [( pt,r)out]. Table 1 com-
pares results of the present work with an MOC calculation,17

a one-dimensional CFD calculation,14 and analytical values for
an example pressure ratio of « = 0.353 (chosen in Ref. 17).
Note that although the expansion fan process is assumed to be
isentropic, the entropy production implied in the mixing to a
uniform exhaust port � ow (see more detailed discussion of
mixing loss and its in� uence on the selection of design-point
« in Ref. 19) is evidenced by the 96.5% polytropic ef� ciency
hout [ [g/(g 2 1)]<n (ae/am)/<n [( pt,r)out /pV].

Low-Pressure Inlet Port

A pressure-exchanger is a wave rotor with axially aligned,
uncambered blades in which design-point shaft power is (ide-
ally) zero. Two-port pressure-exchangers with combustion in-
ternal to the passages3 and four-port pressure-exchangers20,21

proposed for topping gas turbine engines use the low-pressure
inlet and outlet port arrangement shown in Fig. 3 to provide
pressure gain: The mixed-out total pressure of the low-pressure
exhaust port [( pt)out] is higher than the inlet port total pressure
[(pt)in]. The ratio of the outlet and inlet port absolute total
pressures is a function of the ratio of the absolute total en-
thalpies [HR [ (h t)out /(h t)in] in these ports, the mass (am) and
energy (ae) discharge fractions (both of which are functions
of «), MV ,in, the coolant bleed fraction ( fb [ (mÇ in 2 mÇ out)/mÇ in),
g, and the machine loss levels.

As shown in Fig. 3a, the principal expansion fan reduces
the passage pressure at the inlet port (x = 0) end of the ma-
chine. The passage opens to the inlet port soon after the pas-
sage pressure at the inlet end of the rotor is lower than the
inlet port relative total pressure (pt,r)in. The in� ow gas is sub-
sequently compressed by the shock formed by the coalescing
compression waves produced as the principal expansion wave
re� ects off the nonuniform portion of the low-pressure exhaust
port. State Q, which in Figs. 2a and 2b contains only the frac-
tion of state V gas that is not discharged from the exhaust port,
has two constituents (as shown in Fig. 3): State C contains the
compressed fresh air from the inlet port, and state D contains
the undischarged state V gas.
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Fig. 3 Position-time diagrams for a) through-� ow four-port wave cycle and b) reverse-� ow four-port wave cycle.

By imposing the macroscopic balances [Eqs. (5) and (6)] on
a passage moving from state V to state Q (which contains states
C and D), the volume-averaged density and the volume-r̄Q

averaged relative total (or static) pressure p̄Q are obtained as

r̄ m fQ Q b
= = 1 1 a (14)m S Dr m 1 2 fV V b

p̄ 1Q
= 1 2 ga 1 2 (15)e S Dp (1 2 f )HR9V b

where HR9 is given by

2HR 2 [(g 2 1)/2]M [2c tan b 1 1]V ,in f out
HR9 = (16)21 2 [(g 2 1)/2]M [2c tan b 1 1]V ,in f in

where c [ ^wx&/^rV& is the local � ow coef� cient. The port
angles are ideally set so that at the design point tan bf [ ^wu&/
^wx& = tan b*, where b * is the local blade angle (zero for a
pressure-exchanger and, in general, nonzero for a wave en-
gine12,22); ^wx&, ^wu&, and ^r V& are the mass-averaged axial ve-
locity, relative tangential velocity, and rotor speed, respec-
tively. The mass-averaged internal energy in state D is related
to that in state V by the model expansion process

(g 21)/g
2a p̄D Q D s /R D s /Rbl cs= e e (17)S D2a pV V

D sbl /R is the mass-averaged entropy production in boundary
layers during the exhaust port discharge process (see Ref. 19
for a detailed discussion), and D scs /R is the entropy produced
as the undischarged fraction of state V gas is compressed by
the coalesced waves re� ected from the nonuniform region of
the exhaust port. This is estimated by using

2 2Ds /R = C Ds [(a /a ) M ]/R (18)cs s S out in x,in

where is the entropy production in a shock with a2Ds (M )/RS x

relative in� ow Mach number Mx, ain and aout are the (mixed-
out) speeds of sound in the inlet and outlet ports, respectively,
Mx,in is the Mach number of the inlet port � ow relative to both
the rotor and the re� ected shock wave region C air, and CS is
an empirical constant (0.23) set by comparisons with one-di-
mensional CFD results (Fig. 4). By knowing the internal en-
ergy in state D, and by using the volume-averaged static pres-
sure of state Q calculated earlier, the density of the � uid in
state D can be calculated. By recognizing that the mass of � uid
in state D is the mass of the undischarged fraction of state V
gas, the (average) position of the contact separating states C
and D can be calculated. The volume-averaged density in state
C can be calculated by knowing the position of the interface
between states C and D and by knowing that the mass in state
C equals m in. The internal energy in state C can then be cal-
culated by using the equation-of-state, given that the volume-
averaged density in state C and the volume-averaged pressure
p̄Q are known. The relative total enthalpy in the rotor(h*)t,r in

inlet port is known in terms of the relative total enthalpy ratio
[HR9 of Eq. (16)] and the out� ow relative total enthalpy

= ae/am; the ratio of the relative total enthalpies across(h*)t,r out

the coalesced shock can thus be calculated using the shock
relations

2 2(h ) 1 1 [(g 2 1)/2](M 2 M )t,r C x,in S
= (19)2(h ) 1 1 [(g 2 1)/2](M 1 M )t,r in x,in S

2 g 2 12 2M = 1 1 MS x,inHg 2 1 2

2g 22 22 1 1 (M 2 1) 1 2 (1 2 1/M )x,in x,inF G F GJg 1 1 g 1 1

where MS is negative (for the port orientation shown in Fig.
3). The properties in state C were calculated earlier; by now
having obtained Mx,in, the static and total properties and the
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Fig. 4 Comparison of the ratio of low-pressure exhaust port to
low-pressure inlet port relative total pressures (pt,r)out /(pt,r)in as a
function of the ratio of the relative total enthalpies (h t,r)out /(h t,r)in
in the same ports, and e , computed by using the present model
and the one-dimensional CFD code of Ref. 14.

average through-� ow velocity in the inlet port can be calcu-
lated. The mass entering the inlet port is related to the mass
discharged to the exhaust port by the speci� ed coolant bleed
fraction fb; therefore, the total time that the inlet port is open
tin can be calculated. The inlet port is closed when the coa-
lesced shock reaches the inlet side of the rotor x = 0. This time
td is that for a sound wave to traverse state D, plus the time
for the coalesced shock wave to traverse state C, plus the time
that the exhaust port is open tb; the inlet port, therefore, opens
(at tc) a time t in earlier than the closing time td.

Predictions of the ratio of the outlet and inlet port relative
total pressures as a function of the outlet and inlet port relative
total enthalpies, and the principal expansion fan pressure ratio
(« [ pe/pV) from the present model and from the one-dimen-
sional CFD code of Ref. 14 are compared in Fig. 4. Only shock
and nonuniform port � ow mixing losses are accounted for in
these ideal inviscid calculations, in which all other wave rotor
loss mechanisms are neglected; the loss models of the CFD
code are similarly disabled. The excellent agreement shown in
Fig. 4 builds con� dence in the present model.

The low-pressure ports shown in Figs. 2 and 3 can be mod-
eled independently from the high-pressure ports because the
reference state V is speci� ed as uniform and quiescent. It is
interesting to note that the relative total pressure ratio vs rel-
ative total enthalpy ratio curves shown in Fig. 4 hold for all
ideal wave cycles that employ the low-pressure-port gasdy-
namics shown in Fig. 3, and that establish the quiescent ref-
erence state V. It doesn’t matter whether state V is produced
by a four-port wave rotor with either reverse-� ow or through-
� ow wave cycles (discussed in the next section), or by a wave
rotor with combustion internal to the rotor (cf., Ref. 3), or by
other envisaged multiport cycles including wave engines with
net shaft power output, the same relative total pressure ratio
vs relative total enthalpy ratio relationship shown in Fig. 4
holds in the ideal limit. The next section describes the model
for the high-pressure ports that establishes state V in the pres-
ent work.

High-Pressure Ports

The gas in a rotor passage moving from state Q to state V
experiences the gasdynamics shown at the high-pressure ports
in Figs. 3a and 3b. Two different approaches are considered
in the present work. In the through-� ow wave cycle of Fig.
3a, the entire state Q is discharged through the high-pressure
exhaust port (that leads to the burner), located on the same
end of the machine as the low-pressure exhaust port; in the
reverse-� ow cycle of Fig. 3b, state C is discharged from the

high-pressure exhaust port located on the same end of the ma-
chine as the low-pressure inlet port, and the state D gas re-
mains within the rotor.

Through-� ow wave cycle. Consider a passage initially at
the quiescent state Q. As the passage opens to the high-pres-
sure inlet port (from the burner), the passage gas is compressed
by the principal shock wave driven by the incoming port � ow.
In reality, while the passage gradually opens to the port � ow
(beginning at time te), an expansion wave moves into the port
and reduces the total pressure of the incoming � uid. Simulta-
neously, compression waves, eventually steepening into a
shock wave, enter the rotor passage. The principal shock wave
compresses the passage (state Q) gas and allows the port � ow
to enter the passage. In the case of the through-� ow wave cycle
of Fig. 3a, the principal shock � rst compresses the state C gas
(fresh air) that entered the rotor in the low-pressure inlet port.
In general, as a shock interacts with a contact, e.g., the inter-
face between states C and D in the four-port wave cycle, a
shock wave is transmitted and either a shock wave or an ex-
pansion wave is re� ected. As the transmitted shock reaches the
exhaust port end of the rotor, the passage opens to the high-
pressure exhaust port tg while a re� ected shock (in general of
different strength than the transmitted shock) is re� ected. The
state C and D gases are recompressed by the re� ected wave.
The re� ected shock wave also compresses the incoming � ow
from the burner. The passage closes off from the inlet port tf,
just as the re� ected shock arrives at the inlet– port/rotor inter-
face x = 0. This passage closing creates an expansion wave
that brings the incoming � ow to rest relative to the rotor. The
outlet port is closed th a time tV (i.e., the reference time) later.
The twice-compressed states C and D gases now exit the rotor
to the high-pressure exhaust port; the static pressure at the
interface between the rotor and the high-pressure exhaust port
is constant and uniform. This pressure is set by the expansion
wave strength and the reference state V. The expansion wave
effects a nonuniform velocity region at the exhaust port anal-
ogous to that in the low-pressure exhaust port and leads to a
mixing loss in the high-pressure exhaust port.

Reverse-� ow wave cycle. In the reverse-� ow wave cycle
shown in Fig. 3b, the principal shock � rst interacts with the
undischarged state D � uid, which entered through the high-
pressure inlet port during the last passage charging sequence.
Similar to the through-� ow wave cycle discussed earlier, the
principal shock interacts with the contact between state C and
D. The transmitted shock then re� ects from the high-pressure
exhaust port (x = 0), recompresses the state C and D gases,
and compresses the gas from the burner that enters the rotor
through the high-pressure inlet port. The passage closes off
from the inlet port just as the re� ected wave reaches the
inlet– port/rotor interface. The expansion fan is generated that
brings the incoming gas and the state D gas to rest relative to
the rotor. Note that because the state D gas has already ex-
perienced a wave cycle, its entropy is greater than that of the
new charge from the burner. The reference state V internal
energy (or ) is a mass-average of the internal energy of these2a V

two constituents. The expansion fan interacts with the contact
between the state C and D gases, and creates a nonuniform
velocity region as the state C � uid is discharged to the exhaust
port.

In both high-pressure port models, shock-wave speeds, com-
pression ratios, and entropy production are calculated using
the Rankine – Hugoniot relations. The strength of the expansion
fan, which brings the high-pressure inlet port � ow to rest in
the uniform reference state V, sets the static pressure in the
high-pressure exhaust port relative to pV. This static pressure
is that required to ensure that the principal shock wave, the
re� ected shock, and the expansion fan establish the prescribed
wave diagrams (Fig. 3) with wave timing and � ow properties
that conserve mass and energy. The transmitted and re� ected
waves of shock/contact interactions are calculated to ensure
continuous velocity and static pressure at the contact surfaces.
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Fig. 5 Comparison of three-port wave rotor performance curves
computed by using the present model and from experimental
data.1

The overall solution involves an inner-loop search for the prin-
cipal shock strength within an outer-loop search for the correct
expansion fan strength. These searches set the high-pressure
inlet port relative total pressure and enthalpy. The relative total
enthalpy of the high-pressure exhaust port is then obtained
from a relative energy balance for the entire machine. By
knowing the timing, static pressure, relative total enthalpy, and
mass discharged from the high-pressure exhaust port, the re-
maining properties can be obtained.

Entropy Production Mechanisms

Important wave rotor entropy production mechanisms in-
clude viscous dissipation in 1) boundary layers and rotor
wakes; 2) nonuniform out� ow port � ow� eld mixing; and 3)
separated � ows caused by incidence, shock/boundary-layer in-
teractions, and the gradual opening and closing of the rotor
passages to the port � ows.15 Detailed descriptions of simple
models for entropy production resulting from boundary layers,
rotor wakes, nonuniform exhaust port � ow mixing, incidence,
and passage gradual opening and closing are provided in Ref.
19. The entropy produced in the shock waves is inherent to
the shock relations discussed earlier. The relative motion be-
tween the rotor (and disks) and the stationary casing produces
windage loss. Windage is expected to be negligible in pressure-
exchangers given their relatively low rotative speeds; however,
it can be signi� cant in wave engines.22 Passage-to-passage
leakage and passage-to-casing-plenum leakage degrade ma-
chine performance by detrimentally redistributing mass and
energy within the machine. In practice, leakage is mitigated
by controlling the clearance gap between the rotor and the
casing end walls. Conventional seals are used when necessary.
The impact of leakage is neglected in the present work, but
can signi� cantly affect machine performance.2 Machine per-
formance is further degraded by heat transfer, which is also
neglected in the results that follow. Finally, mixing and redis-
tribution of hot and cold gases caused by multidimensional
� ow dynamics15,16,23 adversely impact machine performance,
but are not accounted for in the current model.

Application to a Three-Port Wave Rotor
A three-port wave rotor is a pressure-exchanger that divides

a medium total pressure (pt)in inlet stream into two streams,
one of higher total pressure ( pt)hi and one of lower total pres-
sure (pt)lo. As shown in Fig. 2b, the wave diagram for the
medium- and high-pressure ports of the three-port divider cy-
cle is equivalent to the wave diagram for the high-pressure
ports of the through-� ow wave cycle (Fig. 3a); however, in
the three-port, the mass discharged from the high-pressure ex-
haust port is equal to a fraction b [ mÇ hi /mÇ in of the medium-

pressure inlet � ow, and may include part or all of the state Q
� uid, and part or none of the medium pressure inlet � ow. The
remaining mass, (1 2 b)mÇ in, is discharged to the low pressure
port. Figure 5 shows a plot of the pressure ratios (pt)hi/( pt)in
and (pt)lo/( pt)in as a function of b, for the Power Jets (R&D),
Ltd. pressure-exchanger.1 Figure 5 compares the predictions of
the current model with experimental curves for the conditions
shown: 6000 rpm, Tt,in = 5547R (308 K), (pt)lo . 1 atm (0.101
MPa). Figure 5 illustrates that the model predictions and the
experimental data qualitatively agree. It is worth noting that
each point along the curves of the present study represents an
on-design wave rotor, i.e., one redesigned for that speci� c op-
erating point, whereas the experimental curves are data from
a single machine, running at constant rotor speed, with � xed
port timing.1 Further, the experiment used axially aligned port-
ing that provided no preswirl, and the inlet � ow was likely
compressed by nonnegligible rotor work. Quantitative com-
parison suggests that the simple loss models do a fairly good
job predicting appropriate entropy production levels. It was,
however, expected that the on-design performance predicted
by the present model would be greater than or equal to the
actual (on- and off-design) machine performance. The lower
predicted performance obtained at some operating points sug-
gests that the predicted entropy production levels (e.g., bound-
ary-layer loss) were too high. Although beyond the scope of
the present work, this suggests modifying the loss models with
empirical constants that are tuned through comparisons with
experimental data.

Wave Rotor Design Application
The computational ef� ciency and accuracy of the described

wave rotor model make it amenable to engine system design-
point studies. Consider a small turboshaft engine with 23907R
(1330 K) turbine inlet temperature, and 5.0 lbm/s (2.27 kg/s)
compressor discharge air at 7.77 atm (0.787 MPa) and 10807R
(600 K) (cf., Ref. 13). A pressure-exchanger topping unit for
this engine is designed in this section. The maximum bene� ts
of pressure-exchanger topping, in terms of engine net shaft
power per mass � ow rate and speci� c fuel consumption13 are
obtained when the wave rotor pressure ratio is maximized;
therefore, the � nal design should provide the highest possible
total pressure ratio (pt)out /(pt)in at the total enthalpy ratio HR
= 23907R/10807R = 2.21 dictated by the engine.

Taussig6 described a wave rotor design process and identi-
� ed important nondimensional design parameters. Wilson and
Paxson24 used a similar analysis to obtain optimized wave rotor
designs. In the present work, the expansion fan pressure ratio
is � rst � xed at « = 0.4 to ensure that am $ 0.5 (cf., Ref. 19).
The design is carried out for a machine with two wave cycles
(or duct sets) per revolution (n = 2) and an example coolant
bleed fraction of fb = 6.9%. (In a more detailed analysis, the
selection of the number of wave cycles per revolution might
well be in� uenced by ducting weight, cooling, and aerody-
namic issues that would impact a � gure-of-merit for the overall
engine system.) The rotor length L T and hub-to-tip ratio RH/
RT were varied parametrically. For each combination of rotor
length and hub-to-tip ratio, the optimum rotor passage aspect
ratio (chord length-to-tip-width) was determined by searching
from some lower value (usually 10) incrementally upward. The
pressure ratio, (pt)out /(pt)in, increases monotonically with pas-
sage aspect ratio up to a maximum. At each passage aspect
ratio, an inner iteration determines the one rotor Mach number
that satis� es the 5.0 lbm/s (2.27 kg/s) inlet mass � ow rate
requirement. Figures 6 and 7 present the results of this para-
metric analysis. (Note that the parametric analysis was carried
out for zero coolant bleed fraction.) Figure 6 compares the
pressure ratio vs rotor length for wave rotors of various hub-
to-tip ratios. Performance is highest near the 10 in. (25.4 cm)
rotor length on the 0.8 hub-to-tip ratio curve; however, nearly
comparable performance levels are found between the 8 in.
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Table 2 Wave rotor design-point valuesa

Parameter Value Parameter Value

Absolute total enthalpy ratio 2.212 tV, ms 0.234
Absolute total pressure ratio 1.204 Nondimensional opening time 0.409
Expansion fan pressure ratio 0.4 Nondimensional wave cycle time 9.72
Ratio of speci� c heats 1.315 Total rotor passages 44
Wave cycles per revolution 2 Rotor tip radius, in. (cm) 3.35 (8.51)
Rotor length 7.0 Passage width at tip, in. (cm) 0.443 (1.13)
Hub-to-tip ratio 0.667 Rotor passage height, in. (cm) 1.12 (2.84)
Passage aspect ratio 15.8 Rotor angular speed, rpm 13,167
Rotor tip Mach number 0.247 Rotor tip speed, ft/s (m/s) 385 (117)
Blade thickness/passage width at tip 0.08 Rotor equivalent tip speed, ft/s (m/s) 267 (81.4)

*Wave rotor design for 5.0 lbm /s (2.27 kg/s) turboshaft engine topping cycle with 23907R (1330 K) turbine inlet
temperature, 10807R (600 K) and 7.77 atm (0.787 MPa) compressor discharge, and 6.9% coolant bleed extraction from
wave rotor.

Fig. 6 Wave rotor pressure ratio ( pt)out /( pt)in as a function of ro-
tor length L T and hub-to-tip ratio RH/RT for a 5 lbm/s (2.27 kg/s)
machine.

Fig. 7 Wave rotor pressure ratio ( pt)out /( pt)in as a function of hub-
to-tip ratio RH/RT at a 7 in. (17.8 cm) rotor length L T.

(20.3 cm) and 9 in. (22.9 cm) rotor lengths on the 0.667 curve.
The rotor tip radius increases nearly quadradically with in-
creasing hub-to-tip ratio, and the optimum rotor length in-
creases as the hub-to-tip ratio increases; therefore, the 0.667
rotor curve was selected to minimize the rotor size and weight
while attaining nearly maximum performance. Further, al-
though the optimum pressure ratio on the 0.667 hub-to-tip ratio
curve occurs near the 9 in. (22.9 cm) rotor length, comparable
performance is realized at 7 in. (17.8 cm); again, for weight
considerations, the 7 in. (17.8 cm) length is selected for the
design point. In Fig. 7 the rotor length is � xed at 7 in. (17.8
cm), and the hub-to-tip ratio is varied to narrow in on

the optimum. The maximum pressure ratio of nearly 1.25 oc-
curs at an optimum hub-to-tip ratio of 0.667. The impact of
6.9% coolant bleed extraction (see discussions in Refs. 13 and
19) on wave rotor performance was to reduce the pressure ratio
to 1.204. Other design-point values are provided in Table 2.

Summary
A wave rotor model based on macroscopic mass, momen-

tum, and energy balances, one-dimensional gasdynamic wave
processes, and loss models for wave rotor entropy production
mechanisms was described. A comparison of model predictions
with three-port divider cycle experimental data indicated that
entropy production was slightly overpredicted by the simple
loss models. Comparisons with one-dimensional CFD calcu-
lations showed that the model accurately predicts the ideal
performance (i.e., that which accounts for entropy production
only in shock waves and in mixing nonuniform exhaust port
� ow� elds) of wave rotors for gas turbine engine topping ap-
plications. A pressure-exchanger design example illustrated the
applicability of the model to wave rotor design and optimi-
zation. The wave rotor model requires minimal computational
investment, making it well suited for the rapid assessment of
topping cycle bene� ts and other tradeoffs associated with in-
tegrating wave rotors into gas turbine engines.
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